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12.2 The Definite Integrals (5.2)

Def: Let f(x) be defined on interval [a,b]. Divide [a,b] into n subintervals of equal
b-a
n
points such that x; €(x,.x;). Then the definite integral of f from a to b is

width Ax=

, S0 X, =a,x, =a+Ax,x;=a+ jAx,x,=b. Let x, be an arbitrary (sample)

b n
f f(x)dx= ILmE f (x])Ax provided that the limit exists. If it douse exist, we say that fis
j=1

a

integrable on [a,b].
Notes:

. f is an integral sign, f(x) is an integrand and a, b are lower and upper limits

of the integral respectively. Evaluating\calculating the integral is called
integration.

b b b
* The integral is not dependend on x, i.e. [ f(x)dx= [ f(t)di= [ f(r)dr
* If f{x)>0 in [a,b], then an integral represent the area that lies under f(x). For

f(x)<0 in [a,b], the integral represent —A of -f(x). If f changes signs, then it
represent the difference between areas of negative and positive regions.

* The Reimann sum can be equivalently defined using intervals of unequal width.

3
Ex 2. Evaluate f x-2dx .
0

Solution: Sketch the graph of x-2 and figure out that the function is crossing x-axis,
therefore the integral is the difference of areas (of 2 triangles). Thus

i 1 1 1
[x-2dx=—(1"1)-=(2:2)==-2=-15.
) 2 2 2

Thm: If fis continuous on [a,b], or if it has finite number of jump discontinuities,
then f is integrable.

b-a and

n—oo

b n
Thm: If f is integrable on [a,b] then [ f(x)dx= limzf(xj)Ax where Ax=

n

Xo=a,x, =a+Ax,x; =a+ jAx,x, =b.
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12.2.1 Evaluating Integrals

“~(p-a)

n—o n—o n—ow n—oo n—oo n

Ex 3. }ldx = }dx = limil-Ax = limiAx = limAxil =limnAx =limn
a a j=1 j=1 j=1

n—ow n—o

Ex 4. }xdx=lim§xij=lim§(a+ij)Ax=}1i_1)rwl§(an+j(Ax)2)=
a = = =l

—>00 —>00 —>00
n n n n

_ lim(an§1+(Ax)2 21) _ um(anAH(Ax)z@) _ lim(anb_a +(b‘a)2 ”(”+1)) _

j=1

=lim[a(b—a)+(b—a) (n+1)]=a(b—a)+(b_a) lim(n+1)=a(b—a)+(b_a) _

n—so0 n 2 2 n—>o0 n

_2ab-2a’+b’-2ab+a’> b’ -a’
2 2

n—o n—o n—o

Ex 5. }xz dx=1im S x?Ax = lim 3 (a+ jAx)? Ax= limi(az +2ajAv+(jAx) | Ax
a j=1 j=1 j=1

=1im(ia2Ax+§2aj(Ax)2+ij2(Ax)3)=liln(na2Ax+2a(Ax)2 n(n2+1)+(Ax)3 n(n+1)6(2n+1))=
= = =
3
=a2(b—a)+lim[a(b_a)2 (n+1)+(b—a) (n+1)(22n+1)]=
n—>e n 6 n
3
=a2(b—a)+a(b—a)2+(b_a) lim(n+1)(22n+1)
n— n
—a) 2 PRt 3 3
=a2(b—a)+a(b—a)2+(b a) 1im2n +§n+l=a2(b—a)+a(b—a)2+(b 3a) =%_%
n—ow n

b n n n
Ex 6. [x'dr=lim Y x’Ax=1im ¥ (a+ jAx) Ax = 1im2(a3 +3a” jAx +3a( jAx)’ +(ij)3)Ax=
a j=1 j=1 j=1

- limi(a3Ax+3a2 Jj(Ax) +3a (Ax) + j° (Ax)4) -
j=1

_tim| a*(p—a) 30 (b;za) n(n2+1)+3a(b;3a)‘ n(n+1)6(2n+1)+(b;4a) (n(n;l))]
2n+l1 a(b—a)3(n+1)(2n+1) (b—a)4

2
= lim a3(b—a)+%a2(b—a) s p +— (n:l-l)]=

=a3(b—a)+%a2(b—a)2+a(b—a)3+ YRy
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12.2.2 Midpoint Rule
It is sometime usable to estimate integral numerically. Instead of evaluating limits one

xf-12+ % then use the definition.

choose finite (small) 7 and x; =

4
Ex 7. The exact solution, as shown in previous example is % =4

2 1(0+1/2)3 1(1/2+1)3 1(1+3/2)3 1(3/2+2)"
fx dx=— +— +— +— =
/ 20 2 20 2 20 2 20 2
_l(l)3+l(§)3+l(§)3+l(l)3_1(1+27+125+343)_ﬂ
2\4) 2\4) 2\4) 2\4) 2 4° 8

Ex 8. Approximate f sinxdx = 2 using Midpoint Rule, compare to “end point

0

99

rule (aka x; =x,).

3 T
) . T ) )
. fsmxdxznsm5=ﬂ fsmxdxzﬂsmﬂ=0

T
) T . T T
fsmxdxz—sm—+ sin = ——-—~2.22

g 2 4 2 NN

fsinxdxzfsinf+fsim=f+o =T 15708
2727 2 2 2

12.2.3 Properties of Definite Integral

L edemtim 3 o tim 3 (1) 22 < tim 3 ()22

n—oo

—Zf(x)dx

2. ff( dx—hmEf —9_0
" ”_)°°= n

b

3. fcdx mch )Ax = chmzf Ax = fdx c(b-a)

n—00

f{f(x)ig(x)}dx - ggz{f(xj)ig(xj)}m =

4. “
—}gng Ax+hm2g Ax= [ f(x)dx= [ g(x)dx

b b

5. fef(x)dx= hmch Ax = chmzf =cf f(x)dx

n—o n—o
a a
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b

6. ff(x)dx = jf(x)dx+_?f(x)dx

( dx + bdx= c—a)+(b-c)=b-a=|dx
(c-a)+(b-c)
Ex9. (Z Cb C2 az bz Cz abz az b
f.de+fde= ?—7 + 7—? =?—?=fde

7. If f(x)=0,VxE[a,b]= ff )dx =0
f(x)=zg(x).VxE[a,b]= f(x)-g(x)=0
8. b b
=ff(x)—g(x)dx=ff( )dx - fg x>0=>ff x>fg
9. m<f <M=fmdx<ff dxsfdezm(b—a)sff(x)dst(b—a)

Ex 10. Estimate f X =x*+ldx= % ~0.916 : We would like to bound the function,

i.e. we first find global min and max value of the integrand. Let f(x)=x"-x*+1,

the first derivative test give us f'(x)=3x"-2x=0<x= 0,% , we next compare

23
value of f'at these and end points. /(0)=1 f(1)= f( )— >~ 0852 Thus

1
0.852sf(x)sl=>1-0.852sff(x)dxsl-l
0

12.3Evaluating Definite Integrals (5.3)

Evaluation theorem: Let /' be continuous on [a,b] and let F' be arbitrary

b
antiderivative of f, i.e. F’=f, then [ f(x)dx=F(b)-F(a)

In order to see why the theorem above works we consider dividing [a,b] into n

subintervals with the following end points a =x,,x,,....x,=b and Ax=x,, -x, = b-a e
n

next use Mean Value Theorem to see that Fx)=F(x.) = f(x;) where x; €[x,,,x,],

X; =X
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thus F(x;)-F(x_)=f (x])Ax Therefore:
F(b)-F(a)=F(x,)-F(x,)=F(x,)=F(x,.,)+ F(x, )+ ...+ =F (x,)+ F(x,) - F(x,) =
=f(x:)Ax+...+f(xl*)Ax=Zf(xj)Ax

Note: F(b)-F(a)=limF(b)-F(a)= }Lrgif(x;)m - }f(x)dx :

n—00
a

b

Notation: [ f(x)dx=F(x)] = F(b)- F(a)
Ex 11. }cdx=cxa=(b—a)c
: ;
Ex 12. {xdx=%x2a=—(b2—a2)
1

X
n+l

1
Ex 13. x"dx = —— x"!
J

=L(1—(—1)"”)=L(l+(—l)")={é n=2m

o, n+l n+l n=2m+1

Ex 14. jsinxdx = —cosx|g =(-cosm)—(-cos0)=1-cosm=1-(-1)=2

0

Inz Inz

t t 2 £ e t 2 / . 2 . 2
f (6 cost—e smt) +(€ sint+e COSf) dt = fe (cost—smt) +(s1nt+cost) dt =
0 0

Insw

Ex 15. = fe’\/(coszt—2005tsint+sin2t)+(0052t+2(:ostsint+sin2t)dt=
0

Insz Inz

=f 262’dt=\/5fe’dt=\/56t
0 0

Inz
0

=\/5(JT—1)

12.3.1 Indefinite Integral
Def: The common notation of antiderivative is f f(x)dx

ff(x)dx= F(x) means F'(x) =f(x)
Note that the difference between indefinite integral f f(x)dx and definite integral

b
f f(x)dx 1s that the former is a function whereas the later is a number. The connection

b
is give by Evaluation theorem: f f(x)dx= f f (x)dxb
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Table of indefinite integrals:

[e—

. fo(x)dx=cff(x)dx 8. fsinxdx=—cosx+c
[ 7(x)+s(x)de= [ 7(x)av+ [ a(x)d 9. [—

1 n+l
3. fx dx—mx +C lOf

f%dx=ln‘x‘+c 1 f
5. fexdx=ex+C X+

12.fm

N

dx=tanx+C

COS X

dx=cotx+C

Sll’l X

e

dx=tan' x+C

dex=sin"'x+C

7. fcosxdx =sinx+C

Ex 1. [ @x+Tyde=2 xdx+ [ 7dx=}/§x2+7x+C

[ Gx+5) dx= [ (95" +30x+25)dx =3 [3xdx+15 [ 2xdx+25 [ dx =

=3x>+15x* +25x+C

Ex 3. f dx =f & _Linysc

1+cos2x 2cos’ x

Ex 2.

1- cos 2x _x sin(2x)

Ex 4. fsm xdx —f 5 s

Ex 5. fstxcostxdx-—fsm +s1n(5x)d cozsx_cos(Sx)_l_C

10
ftan t—f1+

=t+tant+C

COS t

Ex 6.



