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12.4The Fundamental Theorem Calculus (5.4)

Fundamental Theorem of Calculus provides a connection between differentiable and
integral calculus.

Consider we interesting in computing the area that lies between a positive function

b
f(x) and x-axis on [a,b], 1.e. A= f f(¢)dr . In additional let the upper limit b vary, i.e.

we consider a function A(x)= j f(t)dr.

Ex 1. jcos(t)dt=sint|: =sinx —sina
x X 3

Ex 2. ft3dt=lt3 _x-0
AA

Let F be antiderivative of /', calculate the derivative of A(x)= j f(t)dr:

d X
Thus E{f(t)dt=f(x).

1 l=sx=<?2

0 O0=x<l1 cq e
Ex3.  Does f(x)= { =*=" has antiderivative?

Suppose F(x) is an antiderivative of f{x) on [0,2], then F(x) is differentiable
function, furthermore F”(x)=f(x). Define g(x)=F(x)-Cx for an arbitrary constant
C €(f(0).f(2))=(0.1). The function g is clearly continuous function on [0,2],

because it differentiable, and therefore there is c, s.t. g’(¢)=0. But g’(c)=f(c)-C,
i.e. f(c)=C for an arbitrary C €(0,1) which is impossible. Note that

f(0)<C<f(2)s0 ¢=0 and c=2. Thus fhas no antiderivative.

Let calculate di f f(¢)dr for continuous /' without assumptions of antiderivative
x a

existence:
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x+h

ff(t)dt—Zf(t)dt

d i .
E{f(t)dt=lh1£1(} p

xff(t)dt—]jf(t)dt _ jf(;)dt+ff(;)d;_zf(;)dr _ Xff(t)d,

x+h

d i 1
:E{f(t)dtﬂhlixﬁ[f(t)dt

From the continuity of f{x) on [x,x+h] we have

x+h x+h

f(xm)=m<f(x)<M=f(xM)=>mh<{f(t)dt<Mh:m<%[f(t)dt<M.

Since x,,,x, €[x,x+h] and h—0 we have x,,x, = x,s0 f(x,)=m,f(x,)=M— f(x),

therefore by intermediate value theorem dij f(t)dr=f(x)
x a

The Fundamental Theorem of Calculus:

Suppose f(x) is continuous on [a,b].
1) If g(x)= [ £(r)dr then g'(x)= £(x)

b
2) ff(t)dt= F(b)-F(a) for any F antiderivative of f, thatis F'=f

Ex 4. ifcosztdt=cos2x=cos2x
X%
d 1/x 1 1
Ex5. <4 J}dx=_.(__)
dx“{ \/; x’
ifldx=i fldz+f1dz B U o N
dx 7, t dr\ Y, t t dx t dx”Y t
IE)( (S. sin” x sin” x c c c
1 ) 1 1
=————+(2sinxcosx)+—2x=2|—-cotx
sin’ x X X

12.5The Substitution Rule (5.5)

Indefinite Integral: } f(g(x)) g'(x)dx
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Ex 1. f(2x+7)dx = fltdt=ltz=l(2x+7)2+6~'=x2+7x+£+é
eax1d ) 4 4 4
t=2dx | |

=C

Ex2. [ (Bx+57dx = flﬂ a1l C_l(3x+5) +C =3x>+15x* +25x +C
a3 33 9

5

- 3
Ex 3. X x _ 3= NRPE —35-5 t
f\/3x+5 35 3 f Joo il ERN Y FR

dx dx/2 dt
Ex4. fl+cosx cosz(x/Z fcos t—tant+C—tan(2) e
dz=dx/2
Ex 5. fu”(x)u'(x)dx= n+11+C n=-1
n+
tan’ 1 1
Ex 6 fcirgzid.xz:i?;coszxfuz du = §u3 - 5tan3)C
Ex 7. f%=ln‘x‘+C fu’(x) dx=ln‘u‘+C

u(x)

Ex 8. Show that iff /'(x) dx=-x’then f(x)=0,Yx=0

f x)+l

Rewrite it as In( f(x)+1)=-x" and learn that f(x)+1>0. Next, implicitly differentiate

(x) dx = -x’ to get f'(x)

.

decreasing function. However x =0 = ln( f (0)+ 1) =-0’=0 thus f (0)+1=1 and we get

=-2x* which gives f'=—2x2(f(x)+1)<0, ie. f(x) is

f(O) =0. Since f decreasing starting from 0 we get f(x)=0,Vx=0.

4 1 5x* 1 dx’ 1
EX9 fx5x_9dx=§fx5x_9dx=§fx5—)i9=gln‘xs—9‘+C
Ex 10. ftanxdx=f5inxdx = ﬂ——ln‘ ‘+C —ln‘cosx‘+C
COSXY  u=cosx u

du=—sin xdx

Inverse Substitution
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x>0 dx 6t dx tdx
i . =6 dx =
Ex 11. f\/;(lﬁ/;);jfétsdtf (1+t ) f1+t f( 147 ) T
=6(t—arctant)+C=6(9/;—arctané/;)+c

f 1-x*dx = f\/l—sinztcostdt=f\/cosztcostdt=fcosztdt=

=sint
dx=costdt

1 2 in(2
—f +COS( t) t=é+$+C=%(arcsinx+x\/1—xz)+C
s1n2t=2s1ntcost=2sint\/1—sin2t

Definite Integral Substitution: } f (g(x))g'(x)dxt_ (=2 [r (t)dt
a dtfg)'cx)dxg(a

7
. 1 2
fcosxsmxdx = —ftdt——— =——( 2—(-1) )=O
t=cosx 2
0 dt=—sinx dx -1 1
x=0—1=1
x=m—>t=-1

. X=7 =7 P k=1 I
Ex 12. fcosxsinxdx=fcosxsinxdx = —ftdt L L .
0 x=0 i;i(iss)i(nx dx *+0 2 =0
- _%(cos2 :17—00520) = —%(12 —(—1)2) =0
1¢ 12 3/26 2 (30
Ex 13. f\/6 5x f\f ——f\/?dz=——t - (62 -17)
= 6-5-dx 54 53 | 15
Integral of Symmetric Function:
If fis even
0 0 a a
ff(x)dxl_ = —ff(—x)dx=ff(—x)dxf(x);(_x)ff(x)dx
-a dt=—dx a 0 0
0)—

(-a.0)~(a.0)

= j;f(x)dx = }af(x)dx+Zf(x)dx = ZZf(x)dx

If f1s odd then
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0 0 a

£f(x)dxt=;f= —{f(—x)dx= ~{f(—x)dx_f(x)ff(_x)—‘Z‘f()c)dx

(~a0)~(a0)

=>j;f(x)dx=zf(x)dx+Zf(x)dx=O

12.6 Integration be parts (5.6)
: d df .dg . :
Recall the Chain Ruled—( f2)=g——+f 0 rewrite in a different way d( fg) = gdf + fdg
X X

dx
and then integrate (both sides) fd(fg)=fg=fgdf+ffdg. Thus [ fdg=fz-[gdf

Ex 1. fxsinxdx=—fxcos'xdx=—xcosx+fcosxdx=—xcosx+sinx+C

Sfxsinxcosx=4fxsin2xdx = ftsintdt=—tcost+fcostdt

=—tcost+sint+C =-2xcos2x +sin2x+C
Ex 3. fl-lnxdx=x-1nx—fdx=x-lnx—x+C

fl'arctanxdx=x-arctanx—f fldx=x-arctanx—%f22—xldx=
X"+ X7+

Ex 4.

x2+1’
= x-arctanx—%fudx = x-arctanx—%ln(l+x2)+C

*2+1

b b
Definite Integral: f fdg=fa - f gdf

T T T
. . M . JT
Ex 5. fxcosxdx=fxsm'xdx=xsmx|o —fsmxdx=cosx|0 =cosm-cosO=-1-1==2

0 0 0



