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12.7Additional Techniques of Integration (5.7)

ft smtdt—ft sintdt = -t cost — 2f —cost)dt =t cost+2ftcostdt—
Ex 1.
=—t cost+2tsmt—2fsmtdt=—t cost+2ts1nt+2cost=(2—t )cost+2tsmt

Ex 2. Find f cos® xdx:

2 2 . 2 . - 2
13=fcos3xdx=fcos xcosxdx=fcos xsin'xdx = cos xsmx+f2cosxs1n xdx =

=cos2xsinx+f2<:osx(1—coszx)abc=c052xsinx+211—213
= I, =%(cos2xsinx+211),l1 =fc0sxdx=sinx+C

=1 = %(coszxsinx+2sinx)+C

Note: 7 = l(cos”'1 xsinx+(n-1)1,, )
n

12.7.1 Trigonometric Substitution:

12.7.1.1  The substitution ¢ = tang is useful for sum/diff/mult/fraction of

sin and cos:
2
In this case dx =——dt;cosx = —;sinx = —
1+¢ 1+¢ 1+¢
dx 1+ 2 1 x
Ex 3. = dt= | -dt=Inlt|+C=In|tan=|+C
fsinxt=tanx/2f 2t 1+¢ ft H 2

dx m{ 2 1 1
fCOSxt=t;x/2f_——dt= —+——dt=

Ex 4.
=ln‘1+t‘—ln‘1—t‘+C=ln

l+tanx/2
—— — “+C
l-tanx/2

Ex 5. For a >|p|
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2
IS PV 2 dt = 2 dt =
fa+bcosxttm(2 )fa+bl_t2 _fa(1+t2)+b(1—t2) _fa+b+(a—b)t2 -
dx1+ a 1+t2

COS 7(—72

/a+ _ 2arctan y _
a+bfl+"bt ytﬁ a+b f1+y a+b)(a b)

dy= ”dt
x |la-b
arctan tan —
a+b

arctan t

12.7.1.2  Substitution of the form ff(cos)sin;ff(sin)cos

Ex 6. fsinx-cosx-dx fu du=Lu?*+Cc=Lsin’x+C
u= Slnx 2 2
du=cos xdx

/2

Ji-cos(sinx)dx = [Vi-costdi=[,[2 —d—\/_ dt =
{COSX COS(SIH)C) xtsmx f cost dt f sin t fSII'l t

EX 7 di=cosxdx 0 sm2>0

. /21/2 ) 172 /2 1 ) 1 n .ol

= 2’ fsmudu 2? ( cosu) =-2"?cos=—-1|=2"*|1-cos— |=2"*sin* =
2 2

u=t/2
du=dt/2 0 4

12.7.1.3  Substitution t = tan x useful for sum/diff/mult/fraction of tan and
even powers of sin and cos

1 . ! . 1 _ 2 _
In this case smx=T, cosx—\/1+t dt = COszx_(1+tan x)_1+t2
3 _ rdr ¢t 1, 2 _
Jtan’xde - f1+t2 _ft_1+12 dt—E(t -ln(t +1))+C_

d); =(1+tan2x)dx
cos” x

Ex 8. di=
=%(tan2x—ln(tan2x+l))+C
2
fL = f(1+i2) dt=f(1+t%+i4)dt—t—g—i+C—

Sin” xcos” x !=tanx t t t 3
dt=dx/cos’ x

1
Ex 9. =tanx—2cotx+§cot3x

. 2 2 2 2
1 Sin” x+cos” x 1+ 1
sin’ x sin’ x tan” x
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12.7.2 Partial Fractions:

; » alnH k=1 aln‘x—b‘ k=1
adx _ cdr_ . ' _C 1_k
f(x—b)k Gt alll_; k=2 ' a(xl‘_blz E=0
x*=3x+2
Ex 10. fx3+2x2+xdx
X=3x+2 a b c a(x+l)2+b(x+1)x+cx
= + =
x(x+D)’ x (x+1) (x +1)2 x(x +1)2

a(x+1)2+b(x+l)x+cx=ax2+2ax+a+bx2+bx+cx=

=(a+b)x2+(b+c+2a)x+a=x2—3x+2=>a=2;a+b=1;b+c+2a=—3...

x*=3x+2 x> =3x+2 x> -3x+2 x> -3x+2
[ ——dv= [ S ——dx= [————Tdx=
X 4+2x"+x x(x“+2x+1) x(x“+2x+1) x(x+1)
(13- av=2mx-Inx+1)+—2sC
x x+1 (x+1) x+1

12s+11
(s+4)2(s2 —4s+5)

ds

Ex 11. f

A(s+4)(s2 —4s+5)+B(s2 —4s+5)+(Cs+D)(s+4)2

125 +11 A B Cs+D

(s+4)2(sz—4s+5) ] (S"'4)+(s+4)2 +(Sz‘4s+5) (s+4)2(s2—4s+5)
(A+C)s3+(B+8C+D)s2+(8D—11A+16C—4B)s+(20A+SB+16D)
(s+4)2(s2—4s+5)

A+C=0
we get | B+8C+D=0 = A=0,B=-1,C=0,D=1
8D-114+16C -4B=12

204+5B+16D =11

125411 ds s 1 i 1
ds = - _ i} i
f(s+4)2(s2—4s+5)s f(s+4)2+fs2—4s+5 4+S+f(s—2)2+1 1y Horean(s-2)

(completing the square: s> —4s+5=(s-2) +1
p g q
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More general case:

a ap —
[t g 2P e e,
(x2+px+q) (x2+px+q) 2 (x2+px+q)
noreal roots t
2 S\ )
ap P P _acdt _ap dx
et oo sl
Ik=f dx Ny 1 t 2+(2k—1)lk ;[l=éarctané+C

(t2 +a2)k " 2ka’ (t2 +a2)

12.8Integration using tables and Computer Algebra System (5.8)

Self-reading.



