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12.7 Additional Techniques of Integration (5.7) 

Ex 1. 
t2 sin t dt∫ = t2 sin t dt∫ = −t2 cost − 2 t −cost( )dt∫ = −t2 cost + 2 t cost dt∫ =

= −t2 cost + 2t sin t − 2 sin t dt∫ = −t2 cost + 2t sin t + 2cost = 2− t2( )cost + 2t sin t
 

Ex 2. Find 3cos xdx∫ : 

I3 = cos3 xdx∫ = cos2 xcos xdx∫ = cos2 xsin' xdx∫ = cos2 xsin x + 2cos xsin2 xdx∫ =

= cos2 xsin x + 2cos x 1− cos2 x( )dx∫ = cos2 xsin x + 2I1 − 2I3

⇒ I3 =
1
3
cos2 xsin x + 2I1( ), I1 = cos xdx∫ = sin x +C

⇒ I3 =
1
3
cos2 xsin x + 2sin x( )+C

 

Note: ( )( )1
2

1 cos sin 1n
n nI x x n I
n

−
−= + −

 

12.7.1 Trigonometric Substitution: 

12.7.1.1 The	
  substitution	
   t = tan x
2
	
  is	
  useful	
  for	
  sum/diff/mult/fraction	
  of	
  

sin	
  and	
  cos:	
  

In this case dx = 2
1+ t2

dt;cos x = 1− t
2

1+ t2
;sin x = 2t

1+ t2
 

Ex 3. dx
sin x∫ =

t=tan x/2

1+ t2

2t
2

1+ t2
dt∫ =

1
t
dt = ln t +C = ln tan x

2
+C∫  

Ex 4. 

dx
cos x∫ =

t=tan x/2

1+ t2

1− t2
2

1+ t2
dt∫ =

1
1+ t

+
1
1− t

dt∫ =

= ln 1+ t − ln 1− t +C = ln 1+ tan x / 2
1− tan x / 2

+C

 

Ex 5. For

 

a b>  



Course: Accelerated Engineering Calculus I Instructor: Michael Medvinsky 
 

( ) ( ) ( ) ( )

( )( )

( )( ) ( )( )

2
2

2

2

2 22 2tan /2
2

2
1
1cos
1

2 2

2
2 21

1cos 1 1
1

2 1 2 1 2arctan
1 1

2 2arctan arcta

a b
a b
a b
a b

t x

dx dt
t
tx
t

a b y ta b
dy dt

dtdx t dt dt
ta b x a b a b ta t b ta b
t

a b ydt dy
a b t a b a b y a b a b

a bt
a ba b a b a b a b

−
+
−
+

=

=
+
−

=
+

− =
+

=

+= = = =
−+ + + −+ + −+
+

+
= = = =

+ + + − + + −

−
= =

++ − + −

∫ ∫ ∫ ∫

∫ ∫

n tan
2
x a b
a b

⎛ ⎞−
⎜ ⎟⎜ ⎟+⎝ ⎠

 

12.7.1.2 Substitution	
  of	
  the	
  form	
   f cos( )sin∫ ; f sin( )cos∫ 	
  

Ex 6. sin x ⋅cos x ⋅dx∫ =
u=sin x
du=cos xdx

u ⋅du∫ = 1
2
u2 +C = 1

2
sin2 x +C  

Ex 7. 
cos x 1− cos sin x( ) dx

0

π /2

∫ =
t=sin x
dt=cos xdx

1− cos t dt
0

1

∫ = 2sin2 t
2
dt

0

1

∫ =
sin t
2
>0
2 sin t

2
dt

0

1

∫ =

=
u=t /2
du=dt /2

23/2 sinudu
0

1/2

∫ = 23/2 −cosu( )0
1/2
= −23/2 cos 1

2
−1

"

#
$

%

&
'= 23/2 1− cos

1
2

"

#
$

%

&
'= 25/2 sin2

1
4

 

12.7.1.3 Substitution	
   t = tan x useful	
  for	
  sum/diff/mult/fraction	
  of	
  tan	
  and	
  
even	
  powers	
  of	
  sin	
  and	
  cos	
  

In this case sin x = t
1+ t2

;  cos x = 1
1+ t2

;  dt = 1
cos2 x

= 1+ tan2 x( ) = 1
1+ t2

 

Ex 8. 
tan3 xdx∫ =

t=tan x

dt= dx
cos2 x

= 1+tan2 x( )dx

t3dt
1+ t2∫ = t − t

1+ t2
dt = 1

2
t2 − ln t2 +1( )( )∫ +C =

=
1
2
tan2 x − ln tan2 x +1( )( )+C

 

Ex 9. 

dx
sin4 xcos2 x
∫ =

t=tan x
dt=dx/cos2 x

1+ 1
t2

!

"
#

$

%
&

2

dt =∫ 1+ 2
t2
+
1
t4

!

"
#

$

%
&dt =∫ t − 2

t
−
1
3t3

+C =

= tan x − 2cot x + 1
3
cot3 x

1
sin4 x

=
sin2 x + cos2 x

sin2 x

!

"
#

$

%
&

2

= 1+ 1
tan2 x

!

"
#

$

%
&

2
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12.7.2 Partial Fractions: 

adx

x −b( )
k∫ = a dt

t k∫ =C +
a ln t k =1

a t
1−k

1− k
k ≥ 2

$

%
&

'
&

=C +
a ln x −b k =1

a
x −b( )

1−k

1− k
k ≥ 2

$

%
&&

'
&
&

 

Ex 10. x2 −3x + 2
x3 + 2x2 + x

dx∫  

x2 −3x + 2
x(x +1)2

=
a
x
+

b
x +1( )

+
c

x +1( )
2
=
a x +1( )

2
+b x +1( ) x + cx
x x +1( )

2

a x +1( )
2
+b x +1( ) x + cx = ax2 + 2ax + a+bx2 +bx + cx =

= a+b( ) x2 + b+ c+ 2a( ) x + a = x2 −3x + 2⇒ a = 2;a+b =1;b+ c+ 2a = −3...

 

x2 −3x + 2
x3 + 2x2 + x

dx∫ =
x2 −3x + 2
x(x2 + 2x +1)

dx∫ =
x2 −3x + 2
x(x2 + 2x +1)

dx∫ =
x2 −3x + 2
x(x +1)2

dx∫ =
*

=
2
x
−
1
x +1

−
6

(x +1)2
#

$
%

&

'
(dx∫ = 2ln x − ln(x +1)+ 6

x +1
+C

 

Ex 11. 12s+11

s+ 4( )
2
s2 − 4s+5( )

ds∫  

12s+11

s+ 4( )
2
s2 − 4s+5( )

=
A
s+ 4( )

+
B

s+ 4( )
2
+

Cs+D
s2 − 4s+5( )

=
A s+ 4( ) s2 − 4s+5( )+ B s2 − 4s+5( )+ Cs+D( ) s+ 4( )

2

s+ 4( )
2
s2 − 4s+5( )

=

=
A+C( ) s3 + B+8C +D( ) s2 + 8D−11A+16C − 4B( ) s+ 20A+5B+16D( )

s+ 4( )
2
s2 − 4s+5( )

 

we get 

A+C = 0
B+8C +D = 0
8D−11A+16C − 4B =12
20A+5B+16D =11

"

#

$
$

%

$
$

⇒ A= 0,B = −1,C = 0,D =1  

( ) ( ) ( ) ( )
( )2 2 222

12 11 1 1 arctan 2
4 5 4 44 4 5 4 2 1

s ds ds dsds s
s s s ss s s s s

+
= − + = + = + −

− + + ++ − + + − +∫ ∫ ∫ ∫
 

(completing the square:
 
s2 − 4s+ 5= s− 2( )2 +1)
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More general case: 

ax +b

x2 + px + q( )
noreal roots
  

k
dx∫ =

a
2
2x + p( )+b− ap2
x2 + px + q( )

k
dx∫ =

a
2

2x + p
dt

x2 + px + q( )
t

  

k
dx∫ +

+ b− ap
2

#

$
%

&

'
( x + p

2
#

$
%

&

'
(

2

+ q− p
2

4

#

$
%

&

'
(

#

$

%
%

&

'

(
(

−k

dx∫ =
a
2

dt
t k
dx∫ + b− ap

2
#

$
%

&

'
(

dx

t2 +α 2( )
k∫

Ik =
dx

t2 +α 2( )
k∫ ⇒ Ik+1 =

1
2kα 2

t

t2 +α 2( )
2
+ 2k −1( ) Ik

#

$

%
%
%

&

'

(
(
(
; I1 =

1
α
arctan t

α
+C

 

12.8 Integration using tables and Computer Algebra System (5.8) 

Self-reading. 

 

 

 


