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Properties of Double Integral

• Similar to Rectangular Domain

𝐷•
𝑓 𝑥, 𝑦 + 𝑔 𝑥, 𝑦 𝑑𝐴 = 𝐷

𝑓 𝑥, 𝑦 𝑑𝐴 𝐷+
𝑔 𝑥, 𝑦 𝑑𝐴

𝐷•
𝑐𝑓 𝑥, 𝑦 𝑑𝐴 = 𝑐𝐷

𝑓 𝑥, 𝑦 𝑑𝐴

• 𝑓 𝑥, 𝑦 ≥ 𝑔 𝑥, 𝑦 ⇒ 𝐷
𝑓 𝑥, 𝑦 𝑑𝐴 ≥ 𝐷

𝑔 𝑥, 𝑦 𝑑𝐴



Option 1

Properties of Double Integral

• New

• 𝐷 = 𝐷1 ∪ 𝐷2 ⇒ 𝐷
𝑓 𝑥, 𝑦 𝑑𝐴 = 𝐷1

𝑓 𝑥, 𝑦 𝑑𝐴 𝐷2+
𝑓 𝑥, 𝑦 𝑑𝐴

• analogy to 1D𝑎
𝑏
𝑓(𝑥)𝑑𝑥 = 𝑎

𝑐
𝑓(𝑥)𝑑𝑥 + 𝑐

𝑏
𝑓(𝑥)𝑑𝑥

• 𝐷
𝑑𝐴 = 𝐴 𝐷 , i.e. the area of the domain 𝐷

• analogy to 1D𝑎
𝑏
𝑑𝑥 = 𝑏 − 𝑎

• 𝑚 ≤ 𝑓 𝑥, 𝑦 ≤ 𝑀 ⇒ 𝑚𝐴 𝐷 ≤ 𝐷
𝑓 𝑥, 𝑦 𝑑𝐴 ≤ 𝑀𝐴 𝐷

Option 2
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1D
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Properties of Double Integral(example)

• Let D be disc of radius 2. Estimate sin
D

xydA

( ) 21 sin 1  and 4 4 sin 4
D

xy A D r xydA   −   = =  −  



Double Integral in Polar Coordinates

• Recall: 
• Change of variables in single integral

• differential 

• Consider differential as a vector base (like the        ) and rewrite

( )( ) ( )
( )
( )

( )
( )

( )

'

'

g bb

t g x
a g adt g x dx

f g x g x dx f t dt
=

=

= 

( ) ( ) ( ), , ,x ydf x y f x y dx f x y dy= +

( ) ( ) ( ), , ,x ydf x y f x y dx f x y dy= +

ˆˆ ˆ, ,i j k



Double Integral in Polar Coordinates(cont)

• The new formulation gives us

• And

• Hence the area element becomes:
• in polar coordinates: 

• in cartesian coordinates is still works

cos

cos sin cos , sin

x r

dx dr r d r



    

=

 = − = −

sin

sin cos sin , cos

y r

dy dr r d r



    

=

 = + =

2 2cos , sin ,0 sin , cos ,0 0,0, cos sinA dx dy r r r r r     =  = −  = + =

1A dx dy i j k=  =  = =



Double Integral in Polar Coordinates(cont)

• Conclude

• Another way to get this result: Find the area of 
polar “rectangle” 

dxdy rdrd=

 1 1, ,i i j jr r  − −
   

r



( )

( )( )
( )

( )

2 2 2 2

1 1

1

1 1 1

2 2 2

2 2

i i i i i

i i

i i i i i i

i

A r r r r

r r
r r r r r r

r r

  
 

 






− −

−

− − −

  
 = − = −

+
= − + = − 

=  



Double Integral in Polar Coordinates(cont)

• Theorem: Let f(x,y) be continuous function on a polar rectangle R
given by                                                         , then  

• Theorem: Let f(x,y) be continuous function on a polar region

, then

( ) ( ), cos , sin

b

R a

f x y dA f r r rdrd





  =  

0 , , 0 2a r b            − 

( ) ( ) ( ) 1 2, : ,0 2 ,D r h r h        =    −   

( ) ( )
( )

( )2

1

, cos , sin

h

R h

f x y dA f r r rdrd



 

  =  



Double Integral in Polar Coordinates(example)

• 1) 

( )

( ) ( )

( ) ( ) 

2 2

3 /2 5

0 /2 3

3 5

53 /2 3 /23 3 3

/2 /23

3 /2

/2

3 2 3 cos 2 sin

5 3
3cos 2sin 3cos 2sin

3 3

98 98
3sin 2cos 3 1 1 0 196

3 3

x

x y

x ydA r r rdrd

r
d d





 

 





  

     

 

 
 
 +  

+ = +

−
= + = +

= − = − − −  = −

  

 



Double Integral in Polar Coordinates(example)

• 2)

• 3) 

 
( )

( )

sin
sin

2 2 3 2

0
0 0 0 0
0 sin

3 2

0

2

0

3 2 3 2

sin sin

1 1 1 4
2 sin cos sin 2

3 2 2 3 2

r

x y dA r rdrd r r d

d

  


 






 

  


   

 
 

+ − = − = −

= −

 
= − + − − = − 

 

   



( )
2 2 2 2

2

22 0 3 /2 2 3 /2

1 1 1 3

02 /2 0 /24

1

2 2

x y r r

y

e dxdy e rdrd e d e e

 

 


 − − − − −

− − −

 
= = − = − − 

 
    


