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Curl and Divergence (cont)

• Recall:                    , where 𝐓 is the unit tangent vector.

• Green’s theorem in vector form (Tangential Component): Let
𝐅 = 𝑃 𝑥, 𝑦 , 𝑄 𝑥, 𝑦 , 0 , then

• Proof:
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Curl and Divergence (cont)

• Recall: unit normal vector is given by

• Green’s theorem in vector form (Normal Component): Let F=<P,Q> 
be a vector field and                          , then

• Proof:
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Curl and Divergence (cont)

• Example: Evaluate , where D is unit disk.

• Solution: Previously we would evaluate it directly  using a trigonometric 
identity

• Now we can do something else, let                          and                       , 
then                                , and

• Furthermore, notice that F is conservative VF (since               ), therefore 
vanishes on every closed curve, i.e. no integration required here. 
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Curl and Divergence (cont)

• Example: Evaluate              , where C is a circle of radius 2.

• Solution 1:

• Solution 2: Notice that normal to C is              and

thus
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Surface Integral

• Definition: Let 𝑆 be surface                                                    .  Let 𝑃𝑖𝑗
∗ be a 

sample point on a patch 𝑆𝑖𝑗 which area is given by                          .
• 𝑆𝑖𝑗 is defined by                        , consequently 

The surface integral is given by
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Surface Integral(cont)

• Theorem: 

• Note that the area of the surface S is 

• Reminder:

• Note: The relationship of surface integral and surface 
area are analogical to the relationship between the line
integral and arclength.

• Example: 
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Surface Integral(cont)

• Example: Let S be a unit sphere. The parametric representation is 
given by  
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Surface Integral (cont)

• Definition: A two-sided surface S is called oriented if the unit normal vector 
n is defined at every point (except the boundary points). The orientation is 
chosen by direction (positive or negative) of the unit 
normal, in other words by choosing the side. 

• Example: A Mobius strip is one-sided surface, 
therefore non orientable. 

• A torus is two-sided, so it can be 
oriented inward or outward.

• Definition: A closed surface is a boundary of solid region. 
A closed surface is considered positive oriented if the unit 
normal points outward. 



Surface Integral (cont)

• Definition: Flux of F across surface S is defined by

• Notice the difference between      and     , and the similarity with     .

• Evaluation:
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Surface Integral (cont)

•

• Rate of flow of a fluid with density 𝜌 and velocity field Ԧ𝑣:

• Electric flux of an electric field E through the surface S:                 .  

• Gauss’s Law: a net charge enclosed by a closed surface S:                       

where 𝜀0 is permittivity of free space.

• Let K be a conductivity constant of a substance and let u(x,y,z) denote 

temperature of a body. The of heat flow is given by −𝐾∇𝑢 and the rate 

of heat flow by                   . 
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Surface Integral(cont)

• Example: Let F=<x,y,z> and 
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